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Abstract
In this paper we prove a conjecture by De Concini, Kac and Procesi
[CP] (Corollary 5.3):
Corollary. The dimension of any M ∈ Uq − mod
χ is divisible by
lcodimBBχ.
1 Introduction
In this paper we prove a conjecture by De Concini, Kac and Procesi [CP]
(Corollary 5.3):
Corollary. The dimension of any M ∈ Uq −mod
χ is divisible by lcodimBBχ.
The conjecture follows from the following theorem (Theorem 5.1):
Theorem. Fix χ a nilpotent element in the big cell and a regular λ ∈ P .
For any module M ∈ Uq −mod
λ,χ there exists a polynomial dM ∈
1
R
Z[P ∗] of
degree 6 dim(Bχ), such that for any µ ∈ P in the closure of the alcove of λ,
we have
dim(T µλ (M)) = dM(µ) (1.1)
dM(µ) = l
dim(B)d0M(
µ+ρ
l
) for another polynomial d0M ∈
1
R
Z[P ∗], such that
d0M(µ) ∈ Z for µ ∈ P .
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The proof of this theorem follows quite easily from the results of [BK2]
and some usual arguments concering the Euler characteristic.
It must be emphasized that [BMR] prove a similar result in positive char-
acteristic (the Kac-Weisfeiler conjecture first proved by Premet) using geo-
metric methods. This allowed us to adapt their proof to the quantum case
by using the geometric construction of modules for the quantum group from
[BK2]. Thus this paper in another indication of the close relationship between
positive characteristic representations and root of unity representations. This
relationship will be investigated more in the future.
We would like to thank Dmitriy Rumynin that suggested we should prove
this conjecture.
The author was supported in part by NSF grant DMS-0602007.
2 Quantum groups
2.1 Conventions
Let C be the field of complex numbers and fix q ∈ C⋆.
We always assume that if q is a root of unity it is primitive of
odd order and in case G has a component of type G2 the order is
also prime to 3. Let A be the local ring Z[ν]m, where m is the maximal
ideal in Z[ν] generated by ν − 1 and a fixed odd prime p.
2.2 Root data
Let g be a semi-simple Lie algebra and let h ⊂ b be a Cartan subalgebra
contained in a Borel subalgebra of g. Let R be the root system, ∆ ⊂ R+ ⊂ R
a basis and the positive roots. Let P ⊂ h⋆ be the weight lattice and P+ the
positive weights; the i’th fundamental weight is denoted by ωi and ρ denotes
the half sum of the positive roots. Let Q ⊂ P be the root lattice and Q+ ⊂ Q
those elements which have non-negative coefficients with respect to the basis
of simple roots. Let W be the Weyl group of g. We let < , > denote a W-
invariant bilinear form on h⋆ normalized by < γ, γ >= 2 for each short root
γ.
Let TP = Homgroups(P, k
⋆) be the character group of P with values in k
(we use additive notation for this group). If µ ∈ P , then < µ, P >⊂ Z and
hence we can define qµ ∈ TP by the formula q
µ(γ) = q<µ,γ>, for γ ∈ P . If
2
µ ∈ P, λ ∈ TP we write µ+ λ = q
µ + λ. Note that the Weyl group naturally
acts on TP .
2.3 Quantized enveloping algebra Uq and quantized al-
gebra of functions Oq.
Let Uq be the simply connected quantized enveloping algebra of g over C.
Recall that Uq has algebra generators Eα, Fα, Kµ, α, β are simple roots, µ ∈ P
subject to the relations
KλKµ = Kλ+µ, K0 = 1, (2.1)
KµEαK−µ = q
<µ,α>Eα, KµFαK−µ = q
−<µ,α>Fα, (2.2)
[Eα, Fβ] = δα,β
Kα −K−α
qα − q−1α
(2.3)
and certain Serre-relations that we do not recall here. Here
qα = q
dα , dα =< α, α > /2. (We have assumed that q
2
α 6= 1.)
Let G be the simply connected algebraic group with Lie algebra g, B be
a Borel subgroup of G and N ⊂ B its unipotent radical. Let b = LieB
and n = LieN and denote by Uq(b) and Uq(n) the corresponding subalgebras
of Uq. Then Uq(b) is a Hopf algebra, while Uq(n) is only an algebra. Let
Oq = Oq(G) be the algebra of matrix coefficients of finite dimensional type-1
representations of Uq. There is a natural pairing ( , ) : Uq ⊗ Oq → C. This
gives a Uq-bimodule structure on Oq as follows
ua = a1(u, a2), au = (u, a1)a2, u ∈ Uq, a ∈ Oq (2.4)
Then Oq is the (restricted) dual of Uq with respect to this pairing. We
let Oq(B) and Oq(N) be the quotient algebras of Oq corresponding to the
subalgebras Uq(b) and Uq(n) of Uq, respectively, by means of this duality.
Then Oq(B) is a Hopf algebra and Oq(N) is only an algebra.
There is a braid group action on Uq. For each w ∈ W, we get an auto-
morphism Tw of Uq.
2.4 Integral versions of Uq.
Let U resA be the Lusztig’s integral form of Uq, the A-algebra in Uq generated
by divided powers E
(n)
α = Enα/[n]dα !, F
(n)
α = F nα /[n]dα !, α a simple root,
3
n ≥ 1 (where [m]d =
Qm
s=1 q
d·s−q−d·s
qd−q−d
) and the Kµ’s, µ ∈ P . There is also the
De Consini-Kac integral form UA, which is generated over A by the Eα, Fα
and Kµ’s. The subalgebra UA is preserved by the adjoint action of U
res
A :
adUres
A
(UA) ⊂ UA. The operators Tw from section 2.1.2 preserves the integral
versions.
OA is defined to be the dual of U
res
A . This is an A-sub Hopf algebra of
Oq.
2.5 Finite part of Uq.
The algebra Uq acts on itself by the adjoint action ad : Uq → Uq where
ad(u)(v) = u1vS(u2). Let U
fin
q be the finite part of Uq with respect to this
action:
Ufinq = {v ∈ Uq; dim ad(Uq)(v) <∞}.
This is a subalgebra. (See [JL].)
We can also give an integral version of the finite part as the finite part
of the action of U resA on UA.Thus by specializing we get a subalgebra of Uq
for every q. Of course, when specialized to generic q this coincides with the
previous definition.
2.6 Specializations and Frobenius maps.
For any ring map φ : A → R we put UR = UA ⊗A R and U
res
R = U
res
A ⊗A R.
If R = C and φ(ν) = q, there are three different cases: q is a root of unity,
q = 1 and q is generic. Then UR = Uq.
There is the also the ring map A → Fp, sending ν → 1. Then UFp/(K −
1) = U(gp), the enveloping algebra of the Lie algebra gp in characteristic p.
For any UA-module (resp. U
res
A -module) MA we put MR = MA ⊗A R.
This is an UR-module (resp. U
res
R -module). When R = C we simply write
M = MC.
When q is a root of unity, we have the Frobenius map: U resq → U(g). Its
algebra kernel is denoted by uq. We also have the Frobenius map U
res
q (b)→
U(b), with algebra kernel bq. These maps induces dual maps O = O(G) →֒
Oq and O(B) →֒ Oq(B).
For each q there exists a map Uq → U
res
q whose image is uq and whose
algebra kernel is Z(l) (see section 2.1.7 below for the definition of Z(l)).
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2.7 Verma modules.
For each λ ∈ TP there is the one dimensional Uq(b)-module Cλ which is
given by extending λ to act by zero on the Eα’s. The Verma-module Mλ is
the Uq-module induced from Cλ. If µ ∈ P we write Mµ = Mqµ . A point
important for us is that Mλ carries an U
res
q (b)-module structure defined as
follows: U resq (b) acts on Uq by restricting the adjoint action of U
res
q on Uq.
This induces a Uq(b)-action on the quotient Mλ of Uq. Since this action is
locally finite it corresponds to an Oq(B)-comodule action on Mλ. Note!!
As a U resq (b)-module Mλ has trivial highest weight. (In case q is generic,
U resq (b) = Uq(b) and then the U
res
q (b) action on Mλ described above is the
same as the U(b)-action on Mλ ⊗ C−λ.)
Verma module Mλ has an integral version Mλ,A.
2.8 Centers of Uq and definition of U˜q.
Let Z denote the center of Uq. When q is a p’th root of unity Z contains the
Harish-Chandra center ZHC and the l’th center Z(l) which is generated by
the Elα, F
l
α, K
l
µ and K
−l
µ ’s. In fact, Z = Z
(l) ⊗Z(l)∩ZHC Z
HC . There is the
Harish-Chandra homomorphism ZHC → O(TP ) that maps isomorphically to
the W -invariant even part of O(TP ). We define U˜q = Uq ⊗ZHC O(TP ).
2.9 Some conventions.
We shall frequently refer to a right (resp. left) Oq-comodule as a left (resp.
right) Gq-module, etc. If we have two right Oq-comodules V and W , then
V ⊗W carries the structure of a right Oq-comodule via the formula
δ(v ⊗ w) = v1 ⊗ w1 ⊗ v2w2
We shall refer to this action as the tensor or diagonal action. A similar
formula exist for left comodules.
3 Quantum flag variety
Here we recall the definition and basic properties of the quantum flag variety
from [BK1].
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3.0.1 Category MBq(Gq).
The composition
Oq → Oq ⊗Oq → Oq ⊗Oq(B) (3.1)
defines a right Oq(B)-comodule structure on Oq. A Bq-equivariant sheaves
on Gq is a triple (F, α, β) where F is a vector space, α : Oq ⊗ F → F a left
Oq-module action and β : F → F ⊗ Oq(B) a right Oq(B)-comodule action
such that α is a right comodule map, where we consider the tensor comodule
structure on Oq(G)⊗ F .
Definition 3.1. We denote MBq(Gq) to be the category of Bq-equivariant
sheaves on Gq. Morphisms in MBq(Gq) are those compatible with all struc-
tures.
If q = 1, the category MB(G) is equivalent to the category M(G/B) of
quasi-coherent sheaves on B = G/B.
Definition 3.2. We define the induction functor Ind : Bq−mod toMBq(Gq),
IndV = Oq ⊗ V with the tensor Bq-action and the Oq-action on the first
factor. For λ ∈ P we define a line bundle Oq(λ) = IndC−λ.
Definition 3.3. The global section functor Γ : MBq(Gq) → C − mod is
defined by
Γ(M) = HomMBq (Gq)(Oq,M) = {m ∈M ; ∆B(m) = m⊗ 1}.
This is the set of Bq-invariants in M .
The categoryMBq(Gq) has enough injectives, so derived functors RΓ are
well-defined. We showed thatRiΓ(IndV ) = H i(Gq/Bq, V ), whereH
i(Gq/Bq, )
is the i’th derived functor of the functor V → Γ(IndV ) from Bq − mod to
C−mod.
We proved a quantum version of Serre’s basic theorem on projective
schemes: Each M ∈ MBq(Gq) is a quotient of a direct sum of Oq(λ)’s and
each surjection M ։M ′ of noetherian objects inMBq(Gq) induces a surjec-
tion Γ(M(λ))։ Γ(M ′(λ)) for λ >> 0.
Here the notation λ >> 0 means that < λ, α∧ > is a sufficiently large
integer for each simple root α and M(λ) =M ⊗ C−λ is the λ-twist of M .
Let V ∈ Gq − mod. Denote by V |Bq the restriction of V to Bq and by
V triv the trivial Bq-module whose underlying space is V . We showed that
IndV |Bq and IndV
triv are isomorphic in MBq(Gq). In particular
Γ(IndV |Bq) = V |Bq ⊗ Γ(Oq) = V |Bq, for V ∈ Gq −mod (3.2)
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3.0.2 MBq(Gq)at a root of unity
In case q is a root of unity we have the following Frobenius morphism:
Fr∗ :MBq(Gq)→M(G/B) (3.3)
defined as
N 7→ N bq (3.4)
Using the description ofMBq(Gq) as Proj(Aq) where Aq =
⊕
Vq,λ [BK1]
and similarly M(G/B) = Proj(A) where A =
⊕
Vλ, we see that Fr∗ is
induced from the quantum Frobenius map A →֒ Aq. It follows that:
Proposition 3.4. Fr∗ is exact and faithful.
This functor has a left adjoint which we denote by Fr∗.
We will need the following:
Lemma 3.5. Fr∗(F(λ)) ≃ Fr∗(F)(lλ)
Lemma 3.6. Fr∗(Fr
∗(F)(λ)) ≃ F ⊗ Fr∗(Oq,λ)
Lemma 3.7. Fr∗(Oq(−ρ)) ≃ O(−ρ)
ldim(B)
4 The ring DGq, the category of D
λ
q -modules
and translation functors
4.1 Dλq -modules
We need the following important
Remark 4.1. All objects described in the preceding chapters are defined over
A. For any specialization A → R and any object Obj we denote by ObjR its
R-form. For the functors we don’t use any subscripts; so, for instance, there
is the functor Ind : Bq,R −mod→MBq(Gq)R.
Recall the Uq-bimodule structure on Oq given by 2.4. Now, as we have
two versions of the quantum group we pick the following definition of the
ring of differential operators on the group (the crystalline version).
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Definition 4.2. We define the ring of quantum differential operators on Gq
to be the smash product algebra DGq := Oq ⋆ Uq. So DGq = Oq ⊗ Uq as a
vector space and multiplication is given by
a⊗ u · b⊗ v = au1(b)⊗ u2v. (4.1)
We consider now the ring DGq as a left U
res
q -module, via the left U
res
q -
action on Oq in 2.4 and the left adjoint action of U
res
q on Uq; this way DGq
becomes a module algebra for U resq : In the following we will use the restriction
of this action to U resq (b) ⊂ U
res
q . As Uq is not locally finite with respect to the
adjoint action, this U resq (b)-action doesn’t integrate to a Bq-action. Thus DGq
is not an object ofMBq(Gq); however, DGq has a subalgebra D
fin
Gq
= Oq⋆U
fin
q
which belongs to MBq(Gq). This fact will be used below.
Definition 4.3. Let λ ∈ TP . A (Bq, λ)-equivariant DGq -module is a triple
(M,α, β), where M is a C-module, α : DGq ⊗M → M a left DGq -action and
βres : M → M ⊗ Oq(B) a right Oq(B)-coaction. The latter action induces
an U resq (b)-action on M again denoted by β
res. We have the natural map
Uq(b) → U
res
q (b) which together with β
res gives an action β of Uq(b) on M .
We require
i) The Uq(b)-actions on M⊗Cλ given by β⊗λ and by (α|Uq(b))⊗ Id coincide.
ii) The map α is U resq (b)-linear with respect to the β-action on M and the
action on DGq .
These objects form a category denoted DλBq(Gq). There is the forgetful
functor DλBq(Gq) → MBq(Gq). Morphisms in D
λ
Bq
(Gq) are morphisms in
MBq(Gq) that are DGq -linear.
We defined Dλq as the maximal quotient of DGq which is an object of
DλBq(Gq) and showed that
Dλq = IndMλ (4.2)
as an object in DλBq(Gq). (See section 2.7 for the Bq-action = U
res
q (b)-
action on Mλ.). The global section functor Γ : D
λ
Bq
(Gq) → M is the
functor of taking Bq invariants (with respect to the action β); we have
Γ = HomDλ
Bq
(Gq)(D
λ
q , ).
Hence, in particular Γ(Dλq ) = EndDλBq (Gq)
(Dλq ) (which explains the ring
structure on Γ(Dλq )).
Let q be a l-th root of unity. In [BK2] the following were proved:
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Proposition 4.4. We have i) Uλq
∼= RΓ(Dλq ) and ii) U˜q
∼= RΓ(D˜q) (if l is a
prime p > Coxeter number of G.)
Proposition 4.5. Dλq is an Azumaya algebra over a dense subset of T
⋆Xλ.
Proposition 4.6. The action map Ufinq ⊗Z OeT⋆Xtwist → D˜q induces an iso-
morphism Ufinq ⊗Z OeT⋆Xtwist,unram
∼= D˜q |eT⋆Xtwist,unram.
Theorem 4.7. RΓ : Db(DλBq(Gq)) → D
b(Uλq − mod) is an equivalence of
categories.
4.2 Translation Functors
For λ, µ ∈ P define the translation functor T µλ : U
λ
q − mod → U
µ
q − mod
T µλ (M) = [Vµ−λ ⊗M ]µ. Here Vµ−λ is the standard Gq-module with an ex-
tremal weight µ − λ. This functor is also defined on the larger categories
Uq −mod
λ of modules with a generalized central character.
We want to define translation functors on D-modules as well. We first
define a category D˜Bq(Gq) of DGq -modules that contains all D
λ
q , λ ∈ TP , a
”torsor”.
Definition 4.8. An object of D˜Bq(Gq) is a triple (M,α, β), where α : DGq ⊗
M → M a left DGq-action and β
res : M → M ⊗ Oq(B) a right Oq(B)-
coaction.
i) The Uq(n+)-actions on M given by β|Uq(n+) and by (α|Uq(n+)) coincide.
ii) The map α is Uq(b)-linear with respect to the β-action on M and the
action on DGq .
The functor of Bq-invariants (global sections) will be denoted Γ˜. Put
M˜ = Uq(g)/
∑
α∈R+
Uq(g) · Eα (a ”universal” Verma module) and define
D˜q = Oq ⊗ M˜ (4.3)
D˜q inherits an U
res
q (b)-module structure from DGq , so D˜q is an object in
D˜Bq(Gq).
We define a category D˜Bq(Gq)λ by also requiring that a power of the ideal
defined by λ kills the module. We will denote the functor of Bq-invariants
(global sections) by Γ˜λ.
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Note that we have a pair of exact functors:
iλ : D˜Bq(Gq)λ ⇄ D˜Bq(Gq) : []λ (4.4)
where iλ is the natural inclusion and []λ is the projection.
For anyBq-module V and anyD
λ
Bq
(Gq)-moduleM we can define a D˜Bq(Gq)-
module M ⊗V where we just twist the Bq action and let DGq act on the first
factor. We have the following equalities:
T µλ (R˜Γλ(M) = [R˜ΓλM ⊗ Vµ−λ]µ = [R˜Γ(M ⊗ Vµ−λ)]µ ≃ R˜Γµ([M ⊗ Vµ−λ]µ)
(4.5)
Note also that thatM⊗Vµ−λ is an extension of terms (M⊗k−ν)⊗Vµ−λ(ν)
(see [BK1] last section) and hence [M ⊗ Vµ−λ]µ is an extension of terms
(M ⊗ k−ν)⊗ Vµ−λ(ν) with ν ∈ W
µ
λ − λ ⊆ Wλ−µ.
If λ, µ lie in the same closed alcove then
Wµλ = (λ+Wµ−λ) ∩Waff • µ = (Waff )λ • µ ⊆ λ+W · (µ− λ) (4.6)
and if µ is also in the closure of the facet of λ then since (Waff )µ ⊆
(Waff )λ we get that W
µ
λ = {µ}. Hence we get from the previous discussion:
Lemma 4.9. Under the above conditions on µ, λ we have
T µλ (R˜ΓλM) ≃ R˜Γµ(M ⊗ kλ−µ) (4.7)
5 Dimensions of Uq,χ-modules
In this section we follow [BMR]. Set R =
∏
α < ρ, αˇ > where α runs over
the set of positive roots.
Theorem 5.1. Fix χ a nilpotent element in the big cell and a regular λ ∈ P .
For any module M ∈ Uq −mod
λ,χ there exists a polynomial dM ∈
1
R
Z[P ∗] of
degree 6 dim(Bχ), such that for any µ ∈ P in the closure of the alcove of λ,
we have
dim(T µλ (M)) = dM(µ) (5.1)
dM(µ) = l
dim(B)d0M(
µ+ρ
l
) for another polynomial d0M ∈
1
R
Z[P ∗], such that
d0M(µ) ∈ Z for µ ∈ P .
Remark 5.2. Without loss of generality we can assume that χ ∈ n (Using the
infinite dimensional group of automorphisms of [CKP]).
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Corollary 5.3. The dimension of anyM ∈ Uq−mod
χ is divisible by lcodimBBχ
proof We can choose a regular λ and µ in the closure of the λ-facet such
that N = T µλ (M). Then by theorem 5.1 dim(N) = l
dimBd0M(
µ+ρ
l
). But then
since R is prime to p for p > h we get that the denominator of d0M(
µ+ρ
l
) is a
power of p less than deg(d0M) ≤ dim(Bχ) and hence dim(N) is divisible by a
power of p greater than dim(B)− deg(d0M) ≥ codim(Bχ).
Lemma 5.4. Let Mλχ be the splitting bundle for the restriction of the Azu-
maya algebra Dλq to Bχ. We have an equality in K
0(Bχ):
[Mλχ] = [Fr∗Oq(lρ+ λ)|Bχ] (5.2)
proof AsMλχ =M
0
χ(λ) by the construction of the splitting it is enough to
check for λ = −ρ. On the zero section (that is on B0) the Azumaya algebra
is split with splitting bundle Ol
dimB
B ≃ Fr∗(Oq((l − 1)ρ)). We also have that
U−ρq |n ≃ End(M−ρ), hence if we denote by n˜ the preimage of n under the
Springer map then there exists a splitting bundle M˜ whose restriction to Bχ
is M−ρχ . Now we can use the map Bχ × A
1 → n˜ given by (x, t) 7→ (x, tχ) to
pull back this splitting bundle M˜. By the rational invariance of K0 we get
the result. 
Lemma 5.5. For any F ∈ Db(Coh(B)) or F ∈ Db(Coh(Bq)) there exists
a polynomial dF ∈
1
R
Z[P ∗] such that for λ ∈ P the Euler characteristic of
RΓ(F ⊗O(λ)) equals d(λ). We have in the case of B
deg(dF) 6 dim(supp(F)). (5.3)
If F ∈ Db(Coh(B))
dFr∗(F)(µ) = l
dimBdF(
µ+ (1− l)ρ
l
) (5.4)
proof The first statement is true for line bundles by the Weyl character
formula (and its quantum version) and the fact that theK-group is generated
by classes of line bundles (also in the quantum case). The inequality follows
from Grothendieck-Riemann-Roch ([BMR]). To prove 5.4 it is enough to
check it for µ = lν − ρ. Then
Fr∗(Fr
∗(F)(lν − ρ)) ≃ Fr∗(Fr
∗(F(ν))(−ρ)) ≃ F(ν)⊗ Fr∗(O(−ρ)) (5.5)
but from 3.7 we get
F(ν)⊗ Fr∗(O(−ρ)) ≃ F(ν − ρ)
⊕ldim(B) . (5.6)

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5.1 proof of the theorem
Let FM ∈ Coh(B˜χ) be such that L
λM ≃ FM ⊗ Mλ. The existence of
such follows from the localization theorem and the Azumaya splitting over
te fibers. Let [FM ] ∈ K(Coh(B˜χ)) = K(Bχ) be its class. By Lemma 4.9 we
have
T µλ (M) = RΓ(L
λ(M)(µ− λ)) = RΓ(FM ⊗Mλ(µ− λ)) = RΓ(FM ⊗Mµ)
(5.7)
Denote by
∫
the Euler charcteristic of RΓ. We have
dim(T µλ (M)) =
∫
Bχ
[FM ] · [Mµ] (5.8)
where the multiplication is the action of of K0 on K. By Lemma 5.4 we have∫
Bχ
[FM ] · i
∗[Fr∗Oq,lρ+µ] =
∫
B
i∗[FM ] · [Fr∗Oq,lρ+µ] =
∫
Bq
Fr∗(i∗[FM(lρ+µ)])
(5.9)
where i : Bχ →֒ B is the inclusion. By Lemma 5.5 we get
dim(T µλ ) = dFr∗(i∗FM )(lρ+ µ) = l
dimBdi∗FM (
µ+ ρ
l
). (5.10)
So by 5.3 and 5.4 the polynomial di∗FM has thr required properties.
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